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INTRODUCTION 
In this paper we study the existence of flat solutions for equations of the 
type 
where B is a linear unbounded operator in Hilbert space H with dense 
domain D,, t E 9 = [0, 11, and u(t) E C’(2, H), such that u(t) ED, for 
every t E $. We use standard notations: 11. // for the norm in H (usually, L3) 
and ( ., . ) for the scalar product. 
DEFINITION. A solution u(t) of Eq. (1) is called flat if for any positive K, 
tpK Ilu(t -0 as t+O. 
We note that throughout this paper we study only classical solutions. 
In the last thirty years there has been considerable interest in the 
problem: Under what conditions on B does Eq. (1) not have flat solutions? 
From the 1950s to the present time many papers have been published 
dealing with this question, especially in the elliptic case. This interest was 
intensified by the AronszainCordes theorem in 1956, and after this many 
more general cases were studied. For some of them see [l-3]. Our referen- 
ces are incomplete and we have listed some of the articles for illustration; in 
them one can find a more complete bibliography. 
Our knowledge today, if not complete, is at least satisfactory in some 
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sense and we know wide classes of operators (especially differential) B(t) 
such that the equation 
$B(l)U 
does not have flat solutions. 
But, to my knowledge at least, there is only one study (Ref.[7]) of the 
following question: Under what conditions on B or B(t) does Eq. (1) or 
Eq. (2) have flat solutions? There are only a few examples of equations 
with flat solutions (see [3,4]). Also, the example of [4] deals with 
equations of the type (2), which is not exactly the type we are studying 
here. 
We will study only one special case of Eq. (1 ), namely the case of the 
first-order equation. 
au -i au -- 
tZ=~(x)ax' 
where i denotes the square root of - 1, t E $ = [0, 11, x E S’ the l-sphere 
with normalized measure dx such that 
and 4 is a smooth enough function defined on S’. 
Many results about nonexistence of flat solutions give the impression 
that equations with flat solutions are exceptions. In the case of first-order 
equations of type (3) this impression, if it indeed exists, is wrong. We will 
prove that for a very wide class of functions d(x), Eq. (3) possesses at least 
one (and therefore many) flat solutions. 
We have chosen the very specific case of Eq. (1) for this study, because in 
this case we can formulate results in a more complete and elegant way than 
in the case of Eq. (2). Also, we chose to consider here only first-order 
equations but, at least in the simplest cases, questions about the existence 
of flat solutions for higher-order partial differential equations can be 
reduced to the first-order case. 
Proof of the theorem. First let us consider the following special case of 
Eq. (3) (see [3]): 
au au 
tt= ie’Xz. 
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If f(t) = exp( - l/r) in f and 8 denotes the operator t(a/&), then the 
function 
is a flat solution of Eq. (4). 
It is simple to observe that all functions 
e - rrrx 
u,(x) = -, 
iZ! 
n = 0, l,... 
can be constructed in the following way, 
Bu, = 1 = uo, Bu,=Bl=O, 
and the solution (5) can be rewritten in the form 
f ay t) u,(x). 
x=0 
We see that the operator B is shift (more precisely, unilateral shift) on 
the orthogonal system (e-i”“3,TCo. 
This simple observation gives us our guiding idea. Let us assume now 
that there exists a sysem of functions {u~),“=~ such that operator B is a 
shift of the same type as in (6) on the system 
Bu,,=u,,-1, n = l,...; Bu, = 0, U) 
Note that now we do not require orthogonality of the system (u,,);=~. 
Let 8 denote the same operator ~(d/dt) as above. Then one can see by sim- 
ple computations that the function 
will be a formal solution to Eq. (1) for any function f( tj. If the series (8) 
converges, then u(t) will be the classical solution. Note also that if (8 j con- 
verges for some flat f(t), then u(t) will be a flat solution of (1). We will 
prove this if lIu,/ -+ 0 as n -+ a fast enough. In the example (4), IIu,ll = l/n! 
and in this case there exists a flat solution u(rj of type (8) with 
f(t) = exp( - l/t). 
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It is very easy to see that if lIu,jI 2:~ > for any n, then there is no flat 
solution. One can observe that in this case the operator B will be bounded 
on the linear envelope of { ulz};= 0 and it is a very simple fact that Eq. ( 1) 
does not have flat solutions for any bounded operator B. 
In case of Eq. (3) under some assumptions on d(x) we will construct 
such a sequence (u~};=~ and we will prove that IIu,II -+ 0 fast enough to 
obtain the existence of a flat solution. 
Let B be the operator 
-i a 
B=--. 
d(x) ax 
(9) 
We begin constructing our sequence from u0 = 1. Then Bu, =O. Now we 
must find a1 such that Bu, = u. = 1. We have 
ul(x) = i j 4(x). uo(x) dx = i 1 d(x) dx; (10) 
if we assume now that d(x) has the form 
qqx)= f a,P (11) 
?I=1 
then 
Let us assume that we have found uO,ul,..., u,- r. Then u,,(x) will be the 
solution of the equation 
Bu, = u,- 1 (13) 
and 
u,(x) = i 
I 
C/~(X) u,- 1(x) dx. (14) 
If we assume now that u,,_ 1(x) has the form 
u,pI(x)= f bkeikX 
k=n-I 
then u,(x) will have the representation 
a 
u,(x)= c ckeikx= ‘f k ( ‘f’ b,a,- ,) eikx. (15) 
k=n k=n I=n-I 
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We see first of all that if the first (n - 1) coefficients of u,- 1 are zero, 
then the first n coefficients of U, will also be zero (this follows from the fact 
that we assumed that the first coefficient a, of b(x) is zero). From here we 
conclude that the functions {u~};=~ are linearly independent (but not 
orthogonal) and by construction, B is a shift operator on this system in the 
sense of (7). Note that, generally, if the first non-zero coefficient in the 
representation of u,,- r has subscript k, then the first non-zero coefficient in 
the representation of U, will have subscript k + 1, since a, = 0. 
Now we must assume something about the coefficients in (11). Let us 
first consider the case of analytic $(-xi: 
for some positive A, and assume that for the coefficients of U, _ I we have 
the estimates. 
for some positive constants A, and C. Then 
u,(x) = f CkCikX, co=cl= ... =c n-l =0 
k = ,I 
and 
C,k=; ‘2’ b,a,p,. 
I=n-1 
From our assumptions (16), (17) we obtain 
(19) 
since k 3 n. From the last inequality we have, since the last sum is no more 
than (C+ l)k/k!, that 
AAl (C+ 1)” 
lCk\ dF-----. 
k! 
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From (17) and (21) we obtain that 
and 
(22) 
By induction on n we see that under assumption (16) we have the follow- 
ing estimate for the norm of 11~~11, 
(24) 
which behaves essentially the same as I/U,,\\ in the example (4) above. 
(Our estimate (21) is no surprise, since if u,_, and 4 are analytic, U, 
must be analytic too.) 
We now obtain the same type of behavior of 11u,11 for a wider class of 
Functions (P(X) than under assymption (16). Let us assume, instead of (16), 
that 
(25) 
This estimate holds for any C’ function 4(x), and for any 4(x) E Hz, 
where H2 is the Hilbert space with scalar product 
@, $) = js, (&) dX+ 6, (d’$‘) d,u + js, (6” ’ 6”) dx. (26) 
If we assume now that u,- 1(x) = CFzn- 1 bkeik” and 
bo=b,= ... =b,,p2=0, 
1 c 
lb,1 <(n-2 07) 
then 
u,(x)= f ckeikX and ck=; ‘fl b/a,-, l-28) 
and therefore 
k = II I=n=l 
(29) 
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It is easy to see (by integration) that the last sum does not exceed 
where Y],,~ > 0 depends on n, k, and there exists ?I > 0 such that 
‘1n.k G r] for any integers n, k such that k > n. (31) 
From here, by using induction on n, we observe that for any n coef- 
ficients ck in the representation of U, will have the estimate 
,Ck, < (A’IY 1 -- 
n! k” 
(32) 
and we can estimate the norm of llanI/ as 
where d is the norm of the function 
Of course, we can get better estimates for jckl under assumption (25) 
than under (32); namely under assumptions (27) on lb,<1 one can observe 
that 
CA ‘1 
lCkl <(np 
with the same constant q > 0. But by using this estimate we wil not get the 
desired decreasing of the norms of u,. Now by using formula (8) we can 
construct a flat solution of Eq. (3); we can obtain this by the same proof as 
in [3] for example (4). 
Now we choose f(t) = exp( - l/t j. We shall prove that 
lPf(t)l deP’$! for all n = 0, l,... and t > 0 
with positive c, a, B, a < 1, B> Ae in the case of (24) and B> Art in the 
case of (33). The convergence and flatness of (8) at 2 = 0 follows from the 
last inequality. We introduce the change of variable I = e-’ and let 
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By the Cauchy integral formula we have for n = 0, l,... 
where r is real and y is a circle in the complex plane centered at T and of 
radius r. We choose r such that cos r > 0 and r > max( l/a)(Ae, Aq), where 
a~(0, 1). If ZEY we have 
and 
which yields the desired inequality. 
One can see that the same proof is valid if instead of (11) we assume that 
t$(xj has the form 
(35) 
with the same assumptions on a,,. The only difference wil be that instead of 
e kX we must write e PiiZ-X. 
We can now summarize our result in the following. 
THEOREM. Let d be a C’ (or H,) fknction defined on the unit circle S’, 
such that 4 #O on S’. If we assume additionally that one of the following 
conditions holds, 
(i) d(x) has the form 
d(x) = f a,einx 
n=l 
or 
(ii) b(x) has the form 
then Eq. (3) has at least one flat solution. 
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We note that it follows from our proof that there are many flat solutions 
in this case: one can use different f(t), for example, to generate different 
solutions. 
Remarks. 1. If d(s) = const, then the conclusion of the theorem is not 
valid. In this case B will have a full system of eigenelements which span H. 
It is easy to see that there are no flat solutions in this case (see also [3] ). 
2. We can, in fact, represent our space H as an orthogonal sum of 
three spaces, 
H=H+OH,@H-, 
where H, is the one-dimensional subspace with generator 1: and 
H, = Yk n H. Here d;“+ is the linear envelope of functions {e +‘M >;= I. 
The assumptions of the theorem can be written as 
ii) duff+ 
or 
Those assumptions are essential. Let assume that 4 E H but C# 4 H+ ( HP ). 
In this case 4 could be a real function, for example, and 
where 
and for real I++, Re(Bu, U) = 0. On the other hand, from Eq. ( 1) we have 
and l/u(t)!1 is constant. If u(O)=0 then u(t)=0 for ail t. 
From this we see that even if d(x) has the form 
(b(x) = f a,,e”‘“, a,=o, 
n=-k 
Eq. (3) may not have flat solutions. 
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3. Our assumption, a, = 0, is also essential. If a, # 0 then there is no 
estimate of type (24) or (33), because in the representation of u,, the first n 
coefficients may not be zero. Moreover, a zero coefficient ut) will occur in 
every 24, and one can see after simple computations that ~6”) = a; and then 
that IIu,Ij B 1~1”. For the existence of a flat solution in this case we must 
have at least convergence of the series 
f d”fIu,l”= f 6,, 
?Z=O ,I = 0 
for some flat functionf: But 
From the necessary condition 
we have that 
with c>O 
and it is also very easy to see that there is no flat function p that satisfies 
this condition. Moreover it is not very difficult to prove (see [6]) that f (tj 
will be flat if and only if 
as t+O 
In this case we can see that even if d(x) has the representation 
q+(x)= 2 u,ei’z” 
n = 0 
(polynomial form) there is no flat solution for Eq. (3). 
4. Our assumption that b(x) # 0 on S’ is not essential. One can con- 
sider Eq. (3) without this assumption, but in this case, it is necessary to use 
a much broader definition of solution than the classical one, because 
Eq. (3) will have singular coefficients. 
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5. If instead of the assumptions of the theorem we assumed that 4(x) 
has the representation 
&x)= i a,e’““, k#l, I>O, a,#@ cr-,#O, a,=O, 
n=-k 
then the conclusion of the theorem would be not valid. In this case 
but for U,(X) the zero coefficient ub” could be non-zero; the same is valid 
for any other u,,. 
6. By using the transformation 
we obtain from (1) an equation of the form 
where r ~3~ = [l, co]. In this case the class of solutions u(t) that decay as 
r -+ CC faster than epeT for any positive c will play the role of the flat 
solutions. Our theorem can be reformulated accordingly. Most of the 
papers referred to deal with this form of Eq. (1). 
7. In the same way, under the same assumptions, we can obtain that 
Eq. (3) has “very singular” solutions. By a “very singular” function f( t) we 
mean a function f(t) which is defined in (0, 1) (or in ( - 1,O)) but not at 
the point 0, and for any positive k, t fk 1 f( t)l -+ =cj as t + 0. By a “very 
singular” solution of ( 1) we mean a solution u(t) in (0, 1) such that /lu( r)li 
is a “very singular” function. To obtain this, one can consider instead of the 
interval [0, 1] the interval [ - LO] and the same type of function 
f(t) = exp( - l/t); or consider the interval f = (0, 1 j with the function 
4(t) =exp(l/r). In both cases the series (8) converges on compact intervals 
which do not contain the point 0. 
8. By using classical shift theory (see, for eample, [S] j it is simple to 
see that our way of constructing u,, from u,~~ I is by using the operator fi, 
defined by applying operator iA4, and integrating. In this way then we can 
get U, from 1 as follows: 
u,=R,42,--42,$(l) (IZ times) 
128 VLADIMIR SCHUCHMAN 
or 
u,=l@,n(l), 
where fi,n denotes operator (i)” Mdn and integration IZ times over S’. 
In the special case of Eq. (4) instead of M, we have the operator Mz on 
the unit circle. Note that MZ is multiplication by z in the algebra of formal 
power series or formal Laurent series in z. Accordingly M, is multiplication 
by 4 in the algebra of formal series. We use this on the unit circle z = e”‘. In 
our case neither fiz nor fi6 is bounded. 
It also follows from our proof that if we denote by & the algebra of 
polynomials in fid on the one of the Hilbert spaces H + OH,, H- OH,, 
then the vector 1 will be a cyclic vector of algebra d. 
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